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We propose a physical scheme to generate entangled light at high temperatures through the exci-
tation of vacuum fluctuations of the electromagnetic field using periodic modulations of a refractive
index of a ring resonator. We consider the processes of dissipation and decoherence resulting from
the coupling of the system with an environment at finite temperature and show that the total
amount of entanglement generated does not depend on the temperature, which only affects the time
necessary for the system to produce such an amount of entanglement.
Introduction The generation of entangled light in in-
tegrated nanophotonic systems is of paramount impor-
tance to accomplish on chip quantum optical informa-
tion processing. Entanglement continues to be a cru-
cial resource supporting many quantum information tech-
nologies, from quantum computing to quantum security,
and its generation is part of the effort to produce quan-
tum sources that can deliver reproducible light with cus-
tom specific properties (e.g. low to single photon and
squeezed light).
The conventional method of producing entangled light
is based on degenerated parametric down conversion
(PDC) in nonlinear optical media, such as lithium nio-
bate or aluminum nitrate crystals [1–4]. To improve the
efficiency and entanglement yield of this process with-
out excessively increasing the input power there have
been put forward several proposals that realize PDC in
nanocavity ring resonators (NRR). Indeed, NRR have
been exceptionally successful in storing and amplifying
light [5], but delivered relatively moderate results when
used to produce entangled light. The reason for this can
be found, not only on the low nonlinear coefficients of
the materials typically used, but also on the difficulty to
combine the geometric resonance conditions of the ring
with the adequate phase matching conditions required
by PDC, as well as, on the challenge to shield the entan-
gled photons from the destructive effects associated with
decoherence as they circle round the ring. Furthermore,
the entanglement produced by PDC is embodied in the
polarization states of light, which may be difficult to pre-
serve in integrated optics and requires specially designed
waveguides that preserve polarization. So far, the pro-
duction of light with some amount of entanglement has
been shown in NRR with radius as small as 5µm [6–9].
However, PDC is not the only process that generates
entangled light. Another family of effects exists that pro-
duce entanglement and are based on parametric amplifi-
cation (PA) of light via temporal modulation of the op-
tical properties of the medium in which light propagates.
Contrary to PDC, the change in the effective refractive
index of the medium is not produced by the photons be-
ing entangled, but rather by some independent and ex-
ternal source via Kerr effect (or other nonlinear process).
In this case, there are no phase matching conditions and
the entangled light generated is free to satisfy other res-
onance conditions, such as those imposed by the closed
periodic geometry of a cavity ring. Like PDC, the main
difficulty of PA is the demand for large and fast changes
of relative refractive index, typically via nonlinear effects.
The recent development of epsilon near zero materials
(ENZ) allows to overcome this limitation by yielding vari-
ations of refractive index of the order of unity that occur
within ultrafast (femtosecond) timescales [10–12], with-
out dramatically increasing the loses and the associated
dissipation and decoherence processes.
Another noticeable aspect of PA is that entanglement
is produced not in the polarization of light, but rather
in momentum, since PA entangles photons going in op-
posite directions. This is a consequence of the spatial-
temporal symmetry breaking induced by the modulation
of the refractive index, and which favours the separation
of the bunches of entangled photons as they exit a ring
resonator. If needed, this type of entanglement can be
converted into polarization entanglement [13].
In this work we present a proposal to generate entan-
gled light via PA in NRR and an analyse the optimal
conditions for enhanced entangled photon emission even
with hard decoherence conditions associated with high
temperature operation. This letter is organized as fol-
lows: in the next section we present the quantum model
for light in NRR and derive the effective Hamiltonian
and dynamical equations for the optical modes; the next
sections studies the dynamics of Gaussian states of light
at both zero and finite temperatures. The last section
presents the conclusions.
Physical model The NRR is modeled as a toroidal
cavity filled with a nonlinear optical material (such as a
ENZ dielectric), whose dielectric permittivity  can be
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2Figure 1. Scheme of the torus cavity constituting the NRR.
constitutes a to
modulated via an external laser as depicted in Figure 1,
while the magnetic permissivity µ is assumed to remain
constant for simplicity. The normal modes Φk of the
field inside the NRR for ˙ = 0 are subjected to bound-
ary conditions on the surface of the torus and are calcu-
lated in Supplementary Material A. They constitute an
orthonormal basis of the classical Hilbert space associ-
ated with the electromagnetic field. Each normal mode
satisfies respectively the wave equation and the closure
condition
∇2Φ+k = − 1
λ2k
Φ+k, (1)
Φ∗+k = Φ−k. (2)
and upon quantization, the expansion of the electromag-
netic field operators in these modes takes the form
Eˆ = i
∑
k
√
}wk(t)
2(t)
(
aˆkΦk − aˆ†kΦ∗k
)
(3)
Bˆ =
∑
k
√
}
2(t)wk(t)
∇×
(
aˆkΦk + aˆ
†
kΦ
∗
k
)
, (4)
where the composite index k = {m,n} summarizes the
set of quantum numbers of the normal modes. In par-
ticular the quantum number m characterizes the angular
momentum of the mode, while n indicates the remaining
quantum numbers of the mode. Furthermore, to keep
notation simple, it was adopted that +k = {m,n} and
that −k = {−m,n}, meaning that the composite indexes
k and −k are related by an inversion of the angular mo-
mentum and correspond to light going round in the torus
in opposite directions. Also, wk(t) = v(t)/λk, aˆk and aˆ
†
k
are the respectively the time-dependent frequency, the
annihilation and creation operators for the normal mode
of the field with index k.
The equations of motion for the annihilation and cre-
ation operators when ˙ 6= 0 are obtained by introducing
equations (3) and (4) into the Maxwell equations and by
taking into account the closure relation (2), thus yielding
˙ˆa+k = −iwaˆ+k + ˙
4
aˆ†−k (5)
˙ˆa†−k = iwaˆ
†
−k +
˙
4
aˆ+k, (6)
Equations of motion (5) and (6) can be obtained as the
Heisenberg equations of the effective Hamiltonian
Hˆ = }f(t)Nˆ + i}g(t)Sˆ, (7)
with Nˆ = aˆ†+kaˆ+k + aˆ
†
−kaˆ−k, Sˆ = aˆ
†
+kaˆ
†
−k − aˆ+kaˆ−k,
f(t) = w(t) = }
λ
√
µ(t)
, and g(t) = 14
d
dt = − 12 d log(f)dt .
These equations show that the modulation of the dielec-
tric permittivity  introduced by the external laser cou-
ples each mode with +k only to the mode with −k. In
other words, it couples modes with symmetric angular
momentum m and corresponding to light propagating in
opposite directions inside the NRR. Therefore, from this
point and without loss is generality, the analysis will be
focused on a generic subspace generated by optical modes
with symmetric values of m and identical n.
Dynamics of Gaussian states Under realistic ex-
perimental conditions, NRR is in thermal equilibrium
with the environment and the initial photon population
corresponds to a thermal state with finite temperature T
[14], which in the limit of zero temperature is the vac-
uum state. Both the vacuum and the thermal states are
Gaussian states [15] and, since the effective Hamiltonian
(7) is a quadratic form in a+k and a−k, the dynamics
of the system preserves the Gaussian character of the
state [16]. In other words, the time evolution of the sys-
tem maps Gaussian states into Gaussian states and the
dynamics of the photon population can be investigated
using the continuous variables formalism. In particular,
the Wigner function of a Gaussian state has the form
W(xˆ) = 1
2pi
√
detΣ
e−
1
2 (xˆ−x)TΣ−1(xˆ−x), (8)
where xˆ = [xˆ+k, pˆ+k, xˆ−k, pˆ−k]T and Σ = xxT − xxT
is the covariance matrix. Therefore, a Gaussian state is
fully determined by x(t) and Σ(t).
The model for the processes of loss and decoherence re-
sulting from the coupling of the NRR to the environment
assumes that the later corresponds to a Markovian bath
at finite temperature T and is described using a master
equation in the Limblad form (similar to [17] and [18])
˙ˆρ =− i
[
Hˆ, ρˆ
]
+
γ
2
∑
ij=±k
[
(n+ 1)aˆiρˆaˆ
†
j
− (n+ 1/2)(aˆ†i aˆj ρˆ+ ρˆaˆ†i aˆj) + n(aˆ†i ρˆaˆj − ρˆ)
]
, (9)
where γ is the coupling parameter between the system
and the bath, n = [exp(~wk/KBT ] − 1)−1, is the mean
number of quanta in the bath and wk is the frequency of
3the mode, respectively. Under these conditions, equation
(9) expressed in terms of x(t) and Σ(t) is
x˙ = −
(
MT +
γ
2
Λ
)
x (10)
Σ˙ = −MTΣ−ΣM− γ
2
(ΛΣ + ΣΛ− 2ΛΣ∞) , (11)
where M, Λ and Σ∞ are defined explicitly in the Supple-
mentary Material B. It should be noticed that Σ∞ is the
covariance matrix for the stationary solution of equation
(11) in the absence of a modulation in , corresponding to
the thermal state in equilibrium with the environment,
which is assumed to be the initial state of the system
before the external laser is switched on.
Applying the unitary transformation x′ = Γx, with
Γ ≡ (1/√2)Λ, introduces an interaction picture where
the original two normal modes are decoupled and equa-
tions (10) and (11) becomes
x˙
′
= −
(
M′T +
γ
2
Λ′
)
x′ (12)
Σ˙′ = −M′TΣ′ −Σ′M′ − γ
2
(Λ′Σ′ + Σ′Λ′ − 2Λ′Σ∞) ,
(13)
with Λ′ = ΓΛΓ−1 and
M′(t) = ΓMΓ−1 =
[M+(t) 0
0 M−(t)
]
, (14)
corresponding to a time dependent block diagonal ma-
trix composed by two 2× 2 matricesM±(t) ≡ if(t)σy ∓
g(t)σz, with σy and σz being the Pauli matrices. For
clarity of notation, we represent 2×2 matrices using cal-
ligraphic letters. Since M′ is bloch diagonal in this repre-
sentation, the system has been decomposed into two in-
dependent or decoupled subspaces. As it will be demon-
strated in what follows, these subspaces play a critical
role in the generation and conservation of entanglement
by the system.
Zero temperature dynamics To establish a refer-
ence for the dynamics of the system, we start by consid-
ering a system decoupled from the environment at zero
temperature, for which the initial state corresponds to
the vacuum state of the field and γ = 0. Then, it is pos-
sible to write the solutions of (12) and (13) in terms of
the evolution operator U(t) as
x′(t) = U(t)x′0 (15)
Σ′(t) = U(t)Σ0UT (t), (16)
where U is of the form
U =
[U+ 0
0 U−.
]
. (17)
Replacing (17) into (15) yields the equation for U±
U˙±(t) =M±(t)U±(t) (18)
Using the techniques described in the Supplementary Ma-
terial B, it is possible to define a set of transformations
S± such that U˙± = S−1± UhS± and recast (18) as
U˙h =
[
0 1
−f2 0
]
Uh. (19)
This corresponds to the matrix form of the celebrated
Hill equation [19]. Indeed, if we define[
pi(t)
y(t)
]
= Uh(t)
[
pi0
y0
]
, (20)
then, y satisfies the evolution of a parametrically excited
oscillator in the absence of losses
y¨ + f(t)2y = 0. (21)
The Floquet theorem [19] ensures that the general solu-
tion of this equations is of the form
y(t) = aeνtp1(t) + be
−νtp2(t), (22)
where pi are tow independent periodic functions with the
same period as f . The Lyapunov exponent ν determines
the stability of the solution. Indeed, if ν has a real part,
then the solution is unstable and grows exponentially in
time, corresponding to the case of interest for a sustained
generation of photons inside the NRR. The photon yield
for times t > 0 is determined by the Lyapunov exponent,
which can be computed using the property [19]
Tr(Λ(T )) = 2cosh (νT ) , (23)
where T is the period of the modulation of the dielectric
permittivity , as described by f .
To illustrate the dynamics of the photon generation
resulting from the parametric excitation, we consider
two limiting cases: (i) a sharp modulation of the dielec-
tric permittivity , typically produced by an ultra-short
pulsed external laser; and (ii) a sinusoidal modulation of
, typically produced by the beating of two continuous
external laser beams with similar wavelengths.
In the first case, f is a approximately a step-wise rect-
angular modulation
f(t) =
{
f1, 0 < mod(t/T ) < t1
f2, t1 < mod(t/T ) < t1 + t2 = T
(24)
then (21) reduces to the Meissner equation. For a fixed
ratio fr = f2/f1, ν is maximum for tifi = pi/2, such that
ν =
1
T
|log fr|. (25)
On the other hand, if  undergoes a small sinusoidal per-
turbation with period T , then using perturbative tech-
niques up to the first order, one obtains that
f(t)2 = f20
[
1− δ

sin(Ωt)
]
, (26)
4in which case (21) is called the Mathieu equation. This
equation supports parametric resonances at specific val-
ues of T and excitation amplitudes δ/, for which the
Lyapunov exponent has a real part and the number of
photons gets amplified inside the cavity. The first reso-
nance of this system occurs for T = pi/f0, for which the
Lyapunov exponent is given by
ν =
f0
4
δ

. (27)
Unlike the phase matching conditions necessary for
PDC to occur, which result from a careful balance be-
tween the optical properties of the medium and the geom-
etry of the cavity, the parametric resonances associated
with PA can be tuned to by adjusting the parameters of
the external laser. This provides an essential mechanism
for control and optimization of the photon yield of the
MNRR.
Unfortunately, the operation of the MNRR at zero
temperature is neither achievable in practice nor desir-
able for real applications, where ideally the system should
provide entangled light at room temperature. Intuitively
and in a classical model, the coupling between the MNRR
and the environment introduces loss mechanisms. More
specifically, the inclusion of strong losses in the Hill equa-
tion for classical models can prevent the existence of
parametric resonances [20]. In a quantum model, besides
the loss mechanism, the coupling with the environment
introduces decoherence mechanisms that in principle in-
jure the production of entangled light. In the next sec-
tions we investigate how the coupling to the environment
affects not only the photon yield but more importantly,
the generation of entangled light.
Finite temperature dynamics The solution at a fi-
nite temperature T is now built upon the result of the
previous section. In particular, since [Λ′,U] = 0, the
solution of (12) is simply
x′(t) = Uth(t)x′0, (28)
where Uth(t) = exp(−γΛ′t)U(t). The solution of (11)
can be decomposed into the sum of a homogeneous part
Σ′h and a particular solution Σ
′
p, say
Σ′ = Σ′h + Σ
′
p (29)
with Σ′h(t) = Uth(t)Σ0U
T
th(t), Σ
′
p(t) = V(t)Σ∞, and
V(t) =
[V(t) 0
0 0
]
(30)
V(t) = 2γU+
[ˆ t
0
(UT+U+)−1dt
]
UT+ . (31)
These results indicate that the coupling to a Markovian
bath at a finite temperature T essentially amounts to
computing V, which means that, for a given shape of f(t),
the resonant modulation is independent of temperature
and thus the results provided by equations (25) and (27)
remain valid.
Remarkably, these results do not follow the intuition
provided by the classical models of the Hill equation. A
close analysis of the matrices M′ and Λ′ shows that in
the new variables x′ = Γx the system supports a deco-
herence free subspace that is decoupled from the envi-
ronment and isolated from both losses and decoherence,
but which still undergoes parametric amplification by the
modulation introduced by the external laser. As it shall
be shown in the following section, this aspect of the sys-
tem dynamics not only provides a strong photon yield,
but more importantly supports a robust generation of
strongly entangled light at any finite temperature.
Photon yield and entanglement generation
Starting with and initial thermal state and considering
a rectangular modulation, the number of photons gener-
ated in each mode for t = nT (with n integer) is
〈N + 1〉 =2n+ 1
4
[
2 cosh(2νt) + e−η−t + e−η+t
+
(
1− e−η−t)F r− + (1− e−η+t)F r+] (32)
while the amount of entanglement between the two
modes measured in terms of logarithmic negativity is
EN = max
{
0,
νt
log 2
− 1
2
log2
[
e−tη+(1− F r+) + F r+
]
− log2(2n¯+ 1)
}
(33)
with
F r± =
1− e2γt1 + e2γt1 (1− e2γt2) f±1r
1− eη±T (34)
η± = 2(γ ± ν). (35)
For the sinusoidal perturbation we get the same results,
but now with F r± calculated according to
F s± =
2γ
η∓
1− eη∓T
1− eη±T . (36)
Both cases lead to similar expressions for the average
number of photons in the mode and the logarithmic neg-
ativity of the state, strongly suggesting that they depend
weakly on the particular shape of the modulation. In-
deed, in the asymptotic limit t → ∞, the number of
emitted photons becomes
〈N + 1〉 ∼ 2n+ 1
4
[
e2νt + e−η−t(1− F−)
]
, (37)
where F− can refer to either modulation scenario. Hence,
the rate of photon production tends to 2ν, as shown in
Figure 2. Equation (33) shows both modulations will al-
ways produce entanglement and that the entanglement
is proportional to the number of photons produced, as
expected. Figure 4 shows the evolution of the amount
of entanglement as a fraction of a maximally entangled
symmetric Gaussian state with the same number of pho-
tons Emax(N) (see Supplementary Material C)
EN ≤ Emax(N) = log2 〈N + 1〉 . (38)
5Figure 2. Emission of photons (normalised by 2n¯ + 1) over
time for different values of γ for a sinusoidal modulation. We
considered δ/ = 0.01 and used time units in which T ≡ 1.
Figure 3. Occurrence time (the time when EN becomes non-
zero) as a function of temperature for different values of γ for
a sinusoidal modulation. Again, we considered δ/ = 0.01
and used the same time units.
The results show that, for a system with no coupling to
the environment, the modulation will eventually converge
into a maximally entangled state. However, the behav-
ior is different if the system is in contact with a thermal
bath. Then, we find that the logarithmic negativity al-
ways tends to Emax/2, independently of the value of γ.
This can be explained by the existence of two indepen-
dent subspaces in the system: (i) the first is coupled to
the environment and undergoes decoherence, so any en-
tanglement generated in the initial times is eventually
destroyed for later times; and (ii) the second which is a
decoherence free subspace, where the generated entan-
glement can be stored and accumulated indefinitely for
any arbitrary temperature. Although entangled light is
always generated, the occurrence time necessary for the
first pair photons to be produced is delayed as the tem-
perature or the coupling with the bath increase, as shown
in Figure 3.
Figure 4. Evolution of the ratio between the logarithmic nega-
tivity and the logarithmic negativity of a maximally entangled
state in E(N) for an initial thermal state with n = 1 and for
different values of γ for a sinusoidal modulation. According
to (38), Emax = log2 〈N + 1〉. Of course, N evolves in time as
(32). Once again, we considered δ/ = 0.01 and used T ≡ 1.
To estimate the photon yield and entanglement pro-
duction, we considered experimental values for this type
of systems. For example, at room temperature and for
λ ∼ 2piR it results that kBT /}w ∼ 106Rn, where n is
the refractive index of the NRR. For R in nano-scale this
implies kBT /}w ∼ 10−3n while for R in micro-scale it it
implies kBT /}w ∼ n. Also, for refractive index charac-
teristic of ENZ materials n ∼ 0.1 the occurrence time is
very small, negligible in fact. These estimates strongly
suggest that this type of systems are experimentally vi-
able as micro and (eventually nanoscale) sources of en-
tangled light.
Conclusions In this work we proposed an experimen-
tal setting which is capable of supporting and amplify-
ing entanglement at an arbitrary finite temperature. In
more detail, we considered the excitation of vacuum fluc-
tuations of the electromagnetic field through the periodic
modulation of the refractive index of a ring resonator. We
analyzed the optimal conditions for resonance and found
that is always possible to amplify radiation, regardless of
the loss regime. Furthermore, we found that the tuning
between the frequency and the amplitude of the external
modulation is the preponderant factor in order to achieve
resonance, and not the shape of the modulation.
We were able to verify that the existence of a decoher-
ence free subspace that allows quantum correlations to
survive, making entanglement viable even at high tem-
peratures. We also discussed the asymptotic limits for
the rate of photon production and for the persistence of
entanglement.
Hopefully, in exploring the theory of generation of en-
tangled light, these results will add a contribution to the
rising of quantum information technologies.
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